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Abstract

The cumulative probability of failure of a brittle material during loading can be related to the mean number of ¯aws in the body

that are critical, i.e. satisfy some fracture criterion. Here, this approach is related to the more conventional Weibull statistics via
Wilshaw's concept of a searched area. A power-law function for the ¯aw distribution is assumed and also the existence of a max-
imum crack size, and hence a threshold stress. The Weibull modulus, m, is regarded as a quantity that may vary with stress. It is
shown that m��� � ��=N�����dN���=d�� where � is the stress and N��� is the appropriate number of critical ¯aws. Quantitative

expressions for m��� are derived for tension tests, three-point bend tests, four-point bend tests and Hertzian indentation. It is shown
that these test methods may all give di�erent values for the Weibull modulus even though the ¯aw distribution remains the same.
# 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Brittle materials (those with fracture toughness below
�20 MPa m1/2) show a variability in strength because of
the presence of a distribution of cracks Ð both in size
and position. These cracks can arise from a number of
causes: surface cracks can arise from handling damage,
or internal cracks can arise from processing defects such
as pores. Weibull1 introduced a simple mathematical
function that is capable of describing the variability in
strength. The cumulative probability that a body fails
during stressing in uniform tension up to a stress
�;F���, is given by:

F �� � � 1ÿ exp ÿ �

�o

� �m� �
�1�

�o is a normalising parameter and m is a constant
known as the Weibull modulus. It is frequently assumed
that the Weibull modulus has no physical signi®cance.

An alternative formula has been derived by Danzer2

who showed that the cumulative failure probability F���
was given by:

F �� � � 1ÿ exp ÿN �� �� � �2�

where N��� is the mean number of critical ¯aws one
would expect to ®nd in a specimen during loading to �.
A critical ¯aw is one which satis®es some fracture
criterion Ð for instance KI > KIC would be the simplest
such criterion. (Clearly any given specimen cannot con-
tain more than 1 such critical ¯aw for a given loading
arrangement.) It should be emphasised that Weibull's
and Danzer's approach to ¯aw statistics are both based
on ``weakest link statistics'' so that failure of one ele-
ment of a body leads to failure of the whole body. As
such, this approach cannot be used to describe (i) frac-
ture in materials which exhibit R-curve behaviour or (ii)
fracture in stabilising stress ®elds. In both of these cases
stable crack growthmay occur so that the ¯aw distribution
when fracture occurs is not the same as the initial ¯aw dis-
tribution. Nor can the weakest link approach be used
directly to describe constrained cracking Ð such as
occurs in brittle coatings or in the fragmentation of
brittle ®bres in composite materials. In these cases a
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given fracture event may be dependent on the whole
history of fracture.
In this paper a weakest link approach is assumed to

be valid and Weibull's Eq. (1), is combined with Dan-
zer's Eq. (2). Only surface-breaking ¯aws are
considered Ð i.e. those likely to have arisen from sur-
face damage or machining.

2. Calculating the Weibull modulus, m

2.1. The physical signi®cance of m

Equating Eqs. (1) and (2):

F �� � � 1ÿ exp ÿ �

�o

� �m� �
� 1ÿ exp ÿN �� �� � �3a�

Equating terms in the square brackets, taking loga-
rithms and di�erentiating:

m��� � �

N���
dN���

d�
�3b�

where the Weibull modulus, m���, is regarded as a
quantity which may vary with stress.
Eq. (3b) demonstrates that the Weibull modulus is

related to the rate at which cracks become critical with
stress compared to the number of cracks that are
already critical. Clearly, m��� is the slope of the curve
resulting from a plot of ln�-ln�1-F����� versus ln��� but
m��� is the local slope of such plots.
It should be noted that the expression given for the

failure probability, Eq. (1), is the simplest possible ver-
sion: it assumes that the stress state is uniform tension
and does not allow for specimens of di�erent dimen-
sions. For stress ®elds that are inhomogeneous over a
surface the stress can be written

� x; y� � � �n f x; y� � �3c�

where �n is some nominal stress (usually the maximum
surface stress) that is characteristic of the inhomoge-
neous stress ®eld and f�x; y� describes the spatial varia-
tion of the stress ®eld. Stanley et al.,3 showed that the
most general form of the expression for failure prob-
abilities is:

F �n� � � 1ÿ exp ÿ �n

�u

� �m

ÿ 1� 1

m

� �
A

Ao
�A

� �
�3d�

where �u is the unit strength Ð that is, the strength of a
specimen of unit area, Ao, measured in uniform tension;
G�� is the gamma function; A is the area of the specimen
under tension and �A is the stress-area integral, de®ned
as:

�A �
�
A

f x; y� �� �mdxdy �3e�

In this case, the expression for the Weibull modulus
becomes

m��n� � �n

N��n�
dN��n�

d�n
: �3f�

2.2. Searched areas, A�sn; c�

To proceed, N��n� must be calculated. For surface-
breaking ¯aws Wilshaw4 introduced the concept of
``searched area'', A��n; c�. The searched area is that area
of surface within which KI5KIc (for a crack of size c)
during loading to �n: n�c� is de®ned as the number of
¯aws per unit area per unit ¯aw size range, in which case
the expression for N��n� is:

N��n� �
�cmax

cmin

A��n; c�n�c�dc �4�

where cmin and cmax are the sizes of the smallest and
largest crack that can be propagated by a stress �n.
Clearly cmin must be determined from �n via some frac-
ture mechanics relationship, but cmax may, in theory,
tend to in®nity. In reality, however, there must be an
upper limit to cmax- for example, no specimen can con-
tain a ¯aw larger than the specimen itself. If the number
of critical ¯aws cannot be expressed as an analytical
function of the searched area then discrete summation
must be used to calculate N��n�.

2.3. The ¯aw distribution, n(c)

With an expression for n�c�; m��n� can be evaluated
for a variety of cases. For simplicity it is assumed here
that n c� � � �cÿr. The question of what a typical ¯aw
distribution is in practice, however, remains undecided;
in particular, it is the form of the function for small
cracks that is particularly uncertain. There are two rea-
sons for this: (i) if one is only interested in the strength
of a ceramic component then it is the large ¯aws that
are of concern, and (ii) for most test methods (although
not Hertzian indentation) fracture occurs by the propa-
gation of the largest ¯aws Ð so that information about
the small-crack end of the distribution can only be
obtained by testing very small specimens. The number
of direct determinations of ¯aw distributions is very
small. Previous work has included that by Wilshaw,4

Argon,5 Poliniecki and Wilshaw,6 Matthews et al.7 and
Evans and Jones.8 In these cases the ¯aw distribution
was found to be predominantly a decreasing function
of crack size i.e. a high density of small ¯aws and lower
densities of larger ¯aws, although in the results of
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Matthews et al.7 there was evidence of local maxima in
the ¯aw density at intermediate ¯aw sizes. More recent
work by Santhanam and Shaw9 determined ¯aw dis-
tributions by forcing a ®t of experimental data to an

equation of the form n c� � � krÿ1

rÿ 2� � c
ÿreÿk=c. This auto-

matically causes the density of small cracks to be small.
Sigl10 studied the e�ects of multiple ¯aw populations, all
distributed according to a gamma-distribution; again,
this distribution automatically forces the density of
small cracks to be small. Warren,11 showed how to
determine the ¯aw distribution without making prior
assumptions about its form; experimental determination
of surface ¯aw densities,12 in abraded and polished alu-
minas revealed again that the density of cracks
decreased monotonically as the crack size increased.
Work remains to be done in this area: the experimental
evidence referred to above, however, certainly suggests
that the density of small ¯aws increases as the ¯aw size
decreases.
Assuming that n c� � � �cÿr four experimental situa-

tions are studied: uniform tension, three-point bending,
four-point bending and Hertzian indentation.

2.4. The tension test

For a uniform tension test a bar is pulled at both ends
by a load P; the cross-sectional area of the bar normal
to the load is w2 and the length of the bar is L. A tensile
stress �n � P=w2 results. The mode I stress intensity
factor is KI � Y�n �c� �1=2 where Y is a crack shape
parameter. For a crack of a given size there is a mini-
mum stress necessary to cause fracture, �min � �=c1=2
where � � KIC=Y�

1=2. For a given fracture stress �n
there is a lower limit to the size of crack that can be
propagated, cmin � �=�n� �2; if there is an upper limit to
the ¯aw size distribution, cmax, then there is an absolute
lower limit to the fracture stress, �L � �=c1=2max. Assuming
that �n5�min and also assuming that all the ¯aws are
oriented perpendicular to the applied stress then the
searched area is clearly:

A �n; c� � � 4wL �5a�

and the number of critical ¯aws is:

N �n� � �
�cmax

cmin

4wL�cÿrdc

� 4wL�

rÿ 1� ��2rÿ2 �2rÿ2n ÿ �2rÿ2L

ÿ � �5b�

TheWeibull modulus derived fromEq. (3b) is therefore:

m �n� � � 2rÿ 2

1ÿ �n=�L� �ÿ2r�2 �5c�

A number of points are worthy of note. If there is no
upper limit to the ¯aw size, cmax, then �L tends to 0 and
so m��n� tend to 2rÿ 2ÿ a result that has been derived
before.13 If there is an upper limit to the ¯aw distribu-
tion then m��n� is greater than �2rÿ 2� Ð i.e. the slope
of a Weibull plot should be increased for stresses close
to the threshold fracture stress: this is as observed in
practice.14 For values of �n=�L close to 1, m��n� tends to
in®nity for any value of r. Numerical ®tting of Eq. (5c)
to experimental data can be used to obtain the values of
r and �L and hence the value of m to be expected if there
were no threshold stress. Finally, the functional form of
the expression for N��n�, Eq. (5b), suggests that the
conventional way of constructing a 3-parameter Weibull
plot (i.e. to account for the existence of a threshold
stress) may be inappropriate. For a 3-parameter Wei-
bull distribution one usually plots ln ÿln 1ÿ F �n� �� �� � vs.
ln��n-�L�: Eq. (5b) suggests that a more sensible ordi-
nate would be ln �mn ÿ �mL

ÿ �
: This point was ®rst made by

Matthewson,15 but appears not to have been adopted
since.

2.5. The three-point bend test

A load P is applied to a bar of width b, thickness h in
a three-point bend con®guration where 2L is the dis-
tance between the supports. �n is the maximum stress in
the bar, �n � 3PL=bh2 and �nL is the lower limit to this

maximum stress, �nL � �=c1=2max with � as before. The

searched area is given by Warren:11

A �n; c� � � bL 1ÿ �=�nc
1=2

ÿ � �6a�

Using the same approach as above it is straightfor-
ward to show that the expression for N��n� is:

N �n� �

� 2bL� �2rÿ2n ÿ 2rÿ 1� ��2rÿ2nL � 2rÿ 2� ��2rÿ1nL =�n

ÿ �
rÿ 1� � 2rÿ 1� ��2rÿ2 �6b�

The Weibull modulus is:

m �n� �

� 2rÿ 2� � ÿ 2rÿ 2� � �n=�nL� �ÿ2r�1
1ÿ 2rÿ 1� � �n=�nL� �ÿ2r�2� 2rÿ 2� � �n=�nL� �ÿ2r�1 �6c�

If �nL � 0 then m��n� � 2rÿ 2. Again, if there is a
threshold stress then the Weibull modulus increases for
stresses close to this value.
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2.6. The four-point bend test

A load P is applied to a bar of width b, thickness h in
a four-point bend con®guration where 2L is the distance
between the outer supports and 2` the distance between
the inner supports. �n is the maximum stress in the bar,
�n � 3P Lÿ `� �=bh2 and �nL is the lower limit to this
maximum stress, �nL � �=c1=2max with � as before. The
searched area is given by:

A �n; c� � � 2bL 1ÿ �

�n

���
c
p 1ÿ `

L

� �� �
�7a�

N��n� is given by:

N �n� � �
2bL� 1�` 2rÿ 2� �=L� ��2rÿ2n ÿ 2rÿ1� ��2rÿ2nL � 2rÿ2� � 1ÿ`=L� ��2rÿ1nL =�n

ÿ �
rÿ 1� � 2rÿ 1� ��2rÿ2

�7b�

The Weibull modulus is:

m �n� � �
2rÿ2� � 1�` 2rÿ2� �=L� �ÿ 2rÿ2� � 1ÿ`=L� � �n=�nL� �ÿ2r�1

1�` 2rÿ2� �=L� �ÿ 2rÿ1� � �n=�nL� �ÿ2r�2� 2rÿ2� � 1ÿ`=L� � �n=�nL� �ÿ2r�1
�7c�

If �nL � 0 then m��n� � 2rÿ 2 as before. If `=L � 0
(i.e. a three-point bend test) then Eqs. (7b,c) become
identical with Eqs. (6b,c) as a special case.
Plots of Eqs. (5c), (6c) and (7c) are shown in Figs.

1(a±c) for three di�erent values of r. These ®gures are
discussed below.

2.7. The Hertzian indentation test

In Hertzian indentation a hard sphere of radius R is
pressed into the surface of a material under a load P. At
a su�ciently large load a pre-existing crack of depth c
will begin to grow to give the characteristic ring-crack
or ring/cone-crack system.16 In what follows the stress
driving fracture is assumed to be the surface radial
stress, i.e. the steep stress gradients present in the Hert-
zian ®eld,16,17 are ignored. This is acceptable when large
spheres are used to indent well polished surfaces; a
quantitative analysis of what constitutes a large sphere
and a well polished surface is presented in reference.17

3. Weibull modulus as a function of load

Results for Hertzian indentation will be given in terms
of both loads and stresses. For tension or bending tests
variations in fracture load may arise from variations
in specimen dimensions as well as from variations in
material strength. Therefore, fracture load is not a

suitable variable for failure statistics. For Hertzian
indentation this is not the case: variations in fracture
load are directly related to variations in material
strength. Furthermore, because the relation between
maximum stress and load in Hertzian indentation is
non-linear (see below) some di�erences in calculations
of the Weibull modulus arise. In terms of load, the
searched area A(P,c) is clearly that area of surface
within which KI5KIc (for a crack of size c) during
loading to P. The number of critical ¯aws, N�P�, is:

N�P� �
�cmax

cmin

A�P; c�n�c�dc �8a�

The Weibull modulus is given by:

m�P� � P

N�P�
dN�P�

dP
�8b�

4. Hertzian indentation

Contact of the sphere and substrate occurs over a
circular patch, radius a, given by:

a � 3RP=4E�� �1=3 �9a�

where 1=E� � 1ÿ �21
ÿ �

=E1� 1ÿ �22
ÿ �

=E2 and �1, �2, and
E1; E2 are the Poisson's ratios and Young moduli of
the sphere and substrate respectively. The radial com-
ponent of stress is tensile outside the contact patch and
of magnitude �rr � 1ÿ 2�� �P=2�r2 where r is the dis-
tance from the centre of the contact, r5a. De®ne 
 �
3R=4E� and � � KIC=Y�

1=2, as before. The maximum
value of the radial stress clearly occurs at r � a and is
given by:

�n � 1ÿ 2�� �P1
3

2�
2=3
�9b�

The maximum distance, rmax, a crack of size c can be
situated from the centre of the contact and still be cri-
tical under a maximum stress �n (or load P) is:

r2max �
1ÿ 2�

2�

� �
Pc

1
2

�
� 2�


1ÿ 2�

� �2�3nc
1
2

�
�9c�

For a maximum stress �n (or load P) the size of the
smallest crack that can be detected is:

cmin � 2��

1ÿ 2�

� �2
4=3

P2=3
� �

�n

� �2

�9d�

At a maximum stress �n one might expect the sear-
ched area to be given by:
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A� �n; c� � � � r2max ÿ a2
ÿ �

� � 2�


1ÿ 2�

� �2 �3nc
1=2

�
ÿ �2n

� �
�10a�

or in terms of the load P:

A� P; c� � � � r2max ÿ a2
ÿ �

� � 1ÿ 2�

2�

� �
Pc1=2

�
ÿ 
2=3P2=3

� �
�10b�

However, as shown by Wilshaw,4 Eqs. (10a,b) are not
expressions for the area searched up to a stress �n or
load P. They are, rather, expressions for the area sear-
ched at a stress �n or load P. A crack of size c can be
detected at all stresses above �n min or loads above Pmin

where:

�n min � �

c1=2
�10c�

Using Eq. (9d) the expression for Pmin is:

Pmin � 
2

c3=2
2��

1ÿ 2�

� �3

�10d�

and the expression for the corresponding minimum
contact radius amin is:

amin � 2�


1ÿ 2�

�

c1=2
�10e�

The correct expressions for the area searched up to a
stress �n or load P are, therefore:11

A �n; c� � � � r2max ÿ a2min

ÿ �
� � 2�


1ÿ 2�

� �2 �3nc
1=2

�
ÿ �

2

c

� �
�11a�

A P; c� � � � r2max ÿ a2min

ÿ �
� � 2�


1ÿ 2�

� �2
1ÿ 2�

2�

� �
Pc1=2

�
ÿ �

2

c

� �
�11b�

Substituting Eq. (11a) into Eq. (4), the number of
critical cracks during loading up to a stress �n is:

N �n� � � ��
2

r rÿ 3=2� ��2rÿ2

� 2�

1ÿ 2�

� �2
3�2rn

2
� rÿ 3

2

� �
�2rL ÿ r�3n�

2rÿ3
L

� �
�11c�

and substituting Eq. (11b) into Eq. (8a) the number of
critical cracks during loading up to a load P is:

Fig. 1. Plot of Weibull modulus m��n� as a function of �n=�L for tension tests, three-point bend tests and four-point bend tests, (a) `=L � 0:25, r=2;

(b) `=L � 0:25, r=5; (c) `=L � 0:25, r=8; (d) plot of Hertzian Weibull modulus, mH�P� as a function of P=PL for three di�erent values of r.
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N P� � � ��
 2ÿ4r� �=3

r rÿ 3=2� ��2rÿ2
2�

1ÿ 2�

� �2ÿ2r

3P2r=3

2
� rÿ 3

2

� �
P2r=3
L ÿ rPP

2rÿ3� �=3
L

� �
�11d�

where �nL is the threshold maximum Hertzian stress. It
should be noted that the expressions for N��n� and N�P�
are independent of the area of the specimen. As the area
of a brittle material increases, the probability of ®nding
both large and small cracks increases. Tension and
bending tests will sample the larger end of the ¯aw dis-
tribution whereas Hertzian indentation ®nds ¯aws
within a size range determined largely by the size of the
sphere used, Roberts.18 Increasing the size of the speci-
men thus has no e�ect on the failure probabilities for
Hertzian indentation.
The Hertzian Weibull moduli derived from Eqs.

(11c,d) are:

mH �n� � �
6r 1ÿ �n=�L� �ÿ2r�3ÿ �

3� 2rÿ 3� � �n=�L� �ÿ2rÿ2r �n=�L� �ÿ2r�3 �11e�

and

mH P� � � 2r 1ÿ P=PL� � ÿ2r�3� �=3ÿ �
3� 2rÿ 3� � P=PL� �ÿ2r=3ÿ2r P=PL� � ÿ2r�3� �=3

�11f�

For a conventional tension or bending test, assuming
no threshold stress, the Weibull modulus should be
m � 2rÿ 2. Eqs. (11e,f) shows that the Hertzian Wei-
bull modulus is mH��n� � 2r, assuming no threshold
stress, or mH�P� � 2r=3, assuming no threshold load.
Hence, the relation between the Weibull modulus mea-
sured conventionally and the Hertzian Weibull modulus
is m � mH �n� � ÿ 2 or m � 3mH P� � ÿ 2. Con®rmation of
this prediction is provided by experimental results of
Hertzian tests on glass, Figs. 2a and b. The tests were
performed on both the air-side and the tin-side of as-
received specimens of ¯oat glass, using a WC-Co sphere
of radius 1 mm. Ninety tests were done in all. The Wei-
bull modulus determined from the fracture loads is
�2.5; one, therefore, predicts a Weibull modulus of 5.5
for the same glass but determined by more conventional
tests, assuming that PL=0. For similar glass plates tes-
ted in burst tests, the Weibull modulus is ``usually
between 5 and 6.''.19 The fracture loads for the tin-side
are lower than those for the air-side. This di�erence is
usually attributed to the fact that the tin-side of the
glass may su�er more surface damage than the air-side
during production as a result of contact with transport
rollers in the lehr.

5. Discussion

A number of points are worth discussing. Fig. 1a, b
and c compare the Weibull moduli determined from
three di�erent test methods: tension, 3-point bending
and 4-point bending. Eqs. (5c), (6c) and (7c) show that
if there is no threshold stress then all three methods will
give the same value for the Weibull modulus. If there is
a maximum crack size and hence a threshold stress the
three di�erent test methods may give rise to di�erent
values for the Weibull moduli Ð depending on what
section of the ¯aw distribution is being sampled.
Clearly, the e�ects are most noticeable for fracture
stresses close to the threshold, implying that the e�ects
will become more noticeable as the specimen size
increases. Fig. 1a, b and c also shows that the biggest
increases in Weibull modulus are to be expected for the
three-point bend test and the smallest changes for the
tension test. This is related to the fact that the stress is
wholly non-uniform in the three-point test and wholly
uniform in the tension test, with the four-point test
being intermediate in its degree of stress uniformity.
The most surprising results of this paper relate to the

Hertzian test. There are two points of note. First,
because of the non-linear relation between maximum
stress and load there is a di�erence in the values of
Weibull modulus determined from stress, Eq. (11e),
compared to that determined from load, Eq. (11f).
Because the maximum stress is proportional to the cube
root of the load there is a factor of 3 di�erence between
the two sets of Weibull moduli. Secondly, the r-depen-
dence of the Weibull modulus determined from stress
[Eq. (11e)] is di�erent for the Hertzian case compared to
the three other methods. A conventional Weibull ana-
lysis of the Hertzian test con®rms these results, Rick-
erby.20 This is demonstrated as follows.
For a radial stress ®eld, Weibull's expression for the

cumulative failure probability is:

F �� � � 1ÿ exp ÿ
�
r

�rr

�o

� �m
2�rdr

Ao

� �
�12a�

Rickerby (his equation 17) showed that the resulting
expression for the failure probabilities is:

F �n� � � 1ÿ exp
ÿ�a2
Ao

3m

mÿ 1� � m� 2� �
� �

�n

�o

� �m� �
�12b�

where a is the contact radius corresponding to the
maximum stress �n. But, from Eq. (9a,b) an expression
for the contact radius, a, when the maximum stress is �n

is:
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a � 2�
�n

1ÿ 2�
�12c�

in which case:

F �n� � � 1ÿexp
ÿ4�3
2�2o
1ÿ 2�� �2Ao

3m

mÿ 1� � m� 2� �
� �

�n

�o

� �m�2 !
�12d�

Thus, conventional Weibull analysis (with stress as
the variable) con®rms that (i) the failure probability for
Hertzian indentation is independent of the size of the
specimen, and (ii) the slope of a Weibull plot will be
m� 2, not m.
The underlying reason for the di�erences in Weibull

moduli for the 4 di�erent test methods lies in the di�er-
ent functional forms for the searched area as a function
of stress. For the tension test, Eq. (5a), the searched
area is constant; for a three-point bend test, Eq. (6a),
the searched area rises from zero asymptotically
towards a limit; for the four-point bend test, Eq. (7a),
the searched has a constant component and a rising
component; for the Hertzian test, Eq. (11a,b), the sear-
ched area increases without limit as the stress (load) is
increased.

6. Conclusions

A general method for relating the Weibull modulus
m��n� to the ¯aw population of a brittle material has
been demonstrated. Using a simple power-law repre-
sentation for the ¯aw distribution it has been shown
that the Weibull modulus determined from tension tests,
three-point bend tests and four-point bend tests will be
the same if there is no threshold stress for fracture; if
such a threshold stress does exist then the di�erent test
methods will give di�erent values for the Weibull mod-
ulus. Furthermore, the relationship between the Weibull
modulus determined from Hertzian indentation tests
has been related to that measured in more conventional
fracture tests. Further work will investigate this
approach assuming di�erent functional forms for the
¯aw distribution.
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